Multiple Chern-Simons Fields on a Torus by Wesolowski, D. et al.
ar
X
iv
:h
ep
-th
/9
30
21
21
v2
  2
6 
Fe
b 
19
93
Preprint from UMN-TH-1128/93
University of Minnesota February 25, 1993
MULTIPLE CHERN-SIMONS FIELDS ON A TORUS
DENNE WESOLOWSKI and YUTAKA HOSOTANI
School of Physics and Astronomy, University of Minnesota, Minneapolis, MN 55455, U.S.A.
and
CHOON-LIN HO
Department of Physics, Tamkang University, Tamsui, Taiwan 25137, R.O.C.
Type-set by plain TEX
Intertwined multiple Chern-Simons gauge fields induce matrix statistics among particles.
We analyse this theory on a torus, focusing on the vacuum structure and the Hilbert space.
The theory can be mimicked, although not completely, by an effective theory with one
Chern-Simons gauge field. The correspondence between the Wilson line integrals, vacuum
degeneracy and wave functions for these two theories are discussed. Further, it is obtained
in both of these cases that the two total momenta and Hamiltonian commute only in the
physical Hilbert space.
1. Introduction
It is known that Chern-Simons gauge theory coupled to non-relativistic matter fields
is equivalent to anyon quantum mechanics on a plane and any Riemann surface. The
widespread interest lately in anyon quantum mechanics is due primarily to its many ap-
plications, for instance, to the fractional quantum Hall effect and possibly high-Tc super-
conductivity, but also due to the rich and interesting mathematical properties it posesses
[1].
There is growing interest in a theory in which not just one kind, but multiple kinds of
Chern-Simons gauge interactions are introduced among particles [2–5]. It has been known
that multiple Chern-Simons interactions induce matrix statistics which generalizes ordinary
fractional statistics in the space of particle species.
Interest has been renewed recently [6–10] by a possible application of the theory to
double-layered Hall systems for which new experiments are now available [11]. It also has
been noticed that there is a connection with the Halperin wave functions [12].
In another direction of developments, it has been noted that in Chern-Simons gauge
theory on multiply-connected spaces, non-integrable phases of Wilson line integrals along
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non-contractible loops become physical degrees of freedom [13–18]. The dynamics of these
phases lead to rich physical consequences, generating an interesting degenerate vacuum
structure. The theory [14] naturally leads to a representation of the Braid group on multiply
connected spaces [19]. Also, on T 2 for example, the analysis can be mathematically rigorous,
with none of the infrared divergence or ambiguity in boundary conditions at space infinity
which so plague the analysis of the theory on a plane.
In this paper we shall examine multiple Chern-Simons theory on a torus. We expect
that the study of multiple Chern-Simons fields should shed light on the physics of multiple-
layered Hall systems, and have relevance to other condensed-matter situations. Furthermore
we shall see that the theory has a rather beautiful mathematical structure which by itself
deserves special attention.
In Section 2 we consider the coupling of multiple (M) Chern-Simons fields to matter
fields, finding the statistics phases generated therefrom. We give several examples for the
case M = 2, known to be relevant to condensed-matter systems. In Sections 3 and 4 we
turn to T 2 and investigate the topologically-induced vacuum structure, deriving expressions
for a general wave function and basis of vacuum states. We then examine the result of
the action of the Wilson line operators on this basis, and consider several examples. In
Section 5 we derive results for the wave functions and action of Wilson line integrals in the
effective theory ofM Chern-Simons fields. In Section 6 we compare and make the connection
between the original and effective theories, finding their results to be almost (but not quite)
equivalent. In Section 7 we show that the Hamiltonian and total momenta commute among
themselves only in the physical Hilbert space. Section 8 consists of some concluding remarks
and comments.
2. Matrix statistics
We consider theories with M distinct Chern-Simons gauge fields, aIµ (I = 1, · · · ,M)
and nonrelativistic matter fields. The Lagrangian is given by L = LCS + Lmatter. The
Chern-Simons term LCS is given by
LCS = 1
4π
∑
IJ
KIJ a
I ε∂ aJ (I, J = 1, · · · ,M) ,
( ε∂ a)µ ≡ εµνρ∂νaρ ,
(2.1)
where KIJ is a M -by-M real symmetric matrix.
The meaning of theK-matrix becomes definite only when the matter coupling is specified.
We shall consider two typical couplings. Firstly we suppose that there are M species of
matter fields ψI(x) (I = 1, · · · ,M), and that ψI couples only to aIµ:
L1 =
M∑
I=1
{
iψ†ID
I
0ψI −
1
2mI
(DIkψI)
†(DIkψI)
}
,
DIµ = ∂µ + ia
I
µ .
(2.2)
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Secondly we suppose that there is only one matter field ψ(x), and that ψ couples to all the
aIµ’s:
L2 = iψ†D0ψ − 1
2m
(Dkψ)
†(Dkψ),
Dµ = ∂µ + i
M∑
I=1
aIµ .
(2.3)
We shall see shortly that ψ in (2.3) can be viewed as a bound state of ψ1, · · ·, ψM in
(2.2). As is obvious, only the combination aµ =
∑M
I=1 a
I
µ is relevant in the coupling (2.3).
The effective theory for aµ and ψ is analysed in Section 5.
To clarify the meaning of the matter couplings above, we first diagonalize the K-matrix
appearing in the Lagrangian. Thus
K~vI = λI ~v
I , ~vI · ~vJ = δIJ (I, J = 1, · · · ,M) ,
K = Ot ΛO ,
Ot =
(
~v1, · · · , ~vM
)
, Λ =

λ1 . . .
λM

 .
(2.4)
Note that
OIJ = (~v
I)J = v
I
J , v
I
Lv
J
L = v
L
I v
L
J = δIJ .
Correspondingly, we introduce a new basis for the Chern-Simons fields:
αIµ = OIJ a
J
µ , a
I
µ = OJI α
J
µ . (2.5)
Then the Chern-Simons Lagrangian (2.1) becomes
LCS =
M∑
I=1
λI
4π
αI ε∂ αI . (2.6)
Without loss of generality we suppose that detK 6= 0 and λI 6= 0.
In the first coupling L1 we denote by θ(IJ)s the statistics phase acquired by the wave
function when particles of the I-th and J-th kinds are interchanged. (For I 6= J the phase
acquired by 2π-rotation is defined to be 2θ
(IJ)
s .) Noting that aI = vLI α
L, one finds
θ(IJ)s =
∑
L
π
λL
· vLI · vLJ = π K−1IJ . (2.7)
In other words, multiple Chern-Simons gauge theory induces matrix statistics among parti-
cles [2]. (In some of the recent literature θ
(IJ)
s is called a mutual or relative statistics phase
[8-10]).
In the second coupling L2 one has
∑
I a
I =
∑
I v
L
I α
L. Hence the phase θs picked up by
interchanging two particles is
θs =
∑
L
π
λL
·
(∑
I
vLI
)2
= π
∑
IJ
K−1IJ ≡
π
κeff
. (2.8)
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κeff turns out to be the Chern-Simons coefficient in the effective theory for aµ and ψ. In the
application to multi-layer Hall systems, it is related to the total filling factor ν by ν = κ−1eff .
Now consider a bound state B composed of M particles, ψ1, · · ·, ψM in the first coupling
L1. If two B’s are interchanged, then the statistics phase acquired is, from the preceding
relations, ∑
I,J
θ(IJ)s = θs . (2.9)
So as advertised above, we see that the second coupling may be viewed as the effective
theory for boundstates B in the first coupling.
We next consider several illustrative and relevant examples, for the case M = 2:
Example 1
K =
(
p q
q p
)
,
Λ =
(
p+ q
p− q
)
, O =
1√
2
(
1 1
1 −1
)
,
θ(11)s = θ
(22)
s =
πp
p2 − q2 , θ
(12)
s = −
πq
p2 − q2
θs =
2π
p+ q
.
(2.10)
For specific values of p and q we find the following.
Example 2
(p, q) = (3, 2)
θ(11)s = θ
(22)
s =
3π
5
, θ(12)s = −
2π
5
θs =
2π
5
.
(2.11)
This case has been discussed as an alternative way of describing the first daughter state in
the fractional quantum Hall effect [5, 2].
Example 3
(p, q) = (3, 1)
θ(11)s = θ
(22)
s =
3π
8
, θ(12)s = −
π
8
θs =
π
2
.
(2.12)
It has been argued that this corresponds to the structure found in double-layered Hall
systems at a half filling ν = 12 [6–10].
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Example 4
(p, q) = (0, 2)
θ(11)s = θ
(22)
s = 0 , θ
(12)
s =
π
2
θs = π .
(2.13)
Wilczek has proposed this case for the anyon superconductivity with P and T invariance [9].
Indeed, if one supposes that under P (or T), αµ1 and α
µ
2 are interchanged in addition to the
ordinary transformation, then the theory becomes manifestly invariant. The model should
exhibit no P or T violation effect.
3. The vacuum structure on T 2
On a torus, T 2, for each C-S field there are two nonintegrable phases of Wilson line
integrals along non-contractible loops, Cj . Take a rectangular torus with coordinates (0 ≤
xj ≤ Lj , j = 1, 2). The constant parts of aIj (x) are new degrees of freedom undetermined
by the matter content:
exp
{
i
∫
Cj
dxk a
I
k
}
=⇒W Ij = eiθ
I
j . (3.1)
The Wilson line phases θIj ’s introduce an interesting structure into the theory, which we are
going to clarify in the following.
Inserting aIj = θ
I
j /Lj + · · · into the Lagrangian LCS, one finds that
LCS =⇒ 1
4π
KIJ(θ
I
2 θ˙
J
1 − θI1 θ˙J2 ) .
Hence one sees that θI1 ’s and θ
I
2 ’s define conjugate pairs:
[ θI1 , θ
J
2 ] = 2πiK
−1
IJ . (3.2)
In the θ1-representation
θI2 = −2πiK−1IJ
∂
∂θJ1
, KIJθ
J
2 = −2πi
∂
∂θI1
. (3.3)
The system is invariant under large gauge transformations which shift the Wilson line
phases by multiples of 2π:
U Ij : θ
I
j → θIj + 2π . (3.4)
More explicitly
aJµ(x)→ aJµ(x) + ∂µβJIj(x) ,
βJIj(x) = δIJ
2πxj
Lj
.
(3.5)
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Accordingly the matter field changes, in the case of the first coupling, for instance, as
ψJ (x)→ e−iβJIj(x) ψJ (x) . (3.6)
To be precise, boundary conditions for the fields have to be specified to define the theory
on a torus. In general the fields are not single-valued. After translation along a noncon-
tractible loop the fields return to their original values up to a gauge transformation. This
problem has been analysed in detail in the case of one Chern-Simons field in [13, 15], and
can be straightforwardly extended to the cases under consideration. We only note here that
transformations (3.5) and (3.6) leave the boundary conditions unaltered.
Unitary operators inducing the transformation (3.4) or (3.5) are given by
U Ij = e
+iǫjk KIJθ
J
k . (3.7)
The transformation of matter fields, (3.6), is induced by
U Imatter, j = exp
{
2πi
∫
dx
xj
Lj
ψ†IψI(x)
}
. (3.8)
Since these U Imatter, j ’s commute among themselves, they will not play an important role in
the following discussions.
The two sets of operators, {U Ij } and {W Ij }, are complimentary. They satisfy relations
U I1 U
J
2 = e
−2πiKIJ UJ2 U
I
1 ,
W I1 W
J
2 = e
−2πiK−1
IJ W J2 W
I
1 ,
U Ij W
J
k = W
J
k U
I
j .
(3.9)
Note that they do not commute with each other in general. The algebra is invariant under the
interchange of U Ij and W
I
j supplemented by the replacement of KIJ by K
−1
IJ . This suggests
that there is a duality between the theories with the Chern-Simons coefficient matrix K and
with K−1.
We would like to determine vacuum wave functions satisfying (3.9). From now on we
shall suppose that all KIJ ’s are integers so that all the U
I
j ’s commute among themselves.
We may thus simultaneously diagonalize these operators and take
U Ij |Ψ 〉 = eiγ
I
j |Ψ 〉 . (3.10)
For convenience we introduce vector notation : ~θj = (θ
1
j , · · · , θMj ), ~γj = (γ1j , · · · , γMj ), etc.
We write the wave functions
u(~θ1) ≡ 〈 ~θ1|Ψ 〉 ,
v(~θ2) ≡ 〈 ~θ2|Ψ 〉 =
∫
d~θ1 〈 ~θ2|~θ1 〉 u(~θ1) ,
(3.11)
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and proceed to find a general u(~θ1).
First consider U I1 |Ψ 〉 = eiγ
I
1 |Ψ 〉. This implies that
e2π(∂/∂θ
I
1) u(~θ1) = u(· · · , θI1 + 2π, · · ·) = eiγ
I
1 u(~θ1) .
Thus one can express u(~θ1) as an M -dimensional series,
u(~θ1) = e
i~γ1~θ1/2π
∑
~n
d(~n) ei~n
~θ1 , ~n ∈ ZZM , (3.12)
where ~n is an M -dimensional integer vector. Secondly, U I2 |Ψ 〉 = eiγ
I
2 |Ψ 〉 gives
e−i(K
~θ1)
I
u(~θ1) = e
iγI2 u(~θ1) . (3.13)
We introduce here two sets of vectors by
K =
(
~k1, · · · , ~kM
)
=


~k t1
...
~k tM

 ,
K−1 =
(
~l1 , · · · , ~lM
)
=


~l t1
...
~l tM

 .
(3.14)
They satisfy
~kI ·~lJ = δIJ . (3.15)
Then we have
e−i(K
~θ1)
I
∑
~n
d(~n) ei~n
~θ1 =
∑
~n
d(~n) ei(~n−
~kI)~θ1
=
∑
~n
d(~n+ ~kI) e
i~n~θ1
so that (3.13) leads to
d(~n+ ~kI) = e
iγI2 d(~n) (I = 1, · · · ,M) . (3.16)
To find the general wave functions (3.12) satisfying (3.16), we first note that
~γ2 ·K−1~kI = γJ2 (~lJ · ~kI) = γI2 .
Therefore
u(~θ1) = e
i~γ1~θ1/2π
∑
~n
ei~γ2K
−1~n d˜ (~n) ei~n
~θ1 ,
d˜ (~n+ ~kI) = d˜ (~n) .
(3.17)
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Consider the M -dimensional lattice, ~n ∈ ZZM . The relation d˜ (~n + ~kI) = d˜ (~n) in (3.17)
implies that the lattice contains detK ≡ r inequivalent points, each corresponding to a dif-
ferent ground state of the system. We introduce r linearly independent vectors corresponding
to them, {~f1, · · · , ~fr}. We may thus parameterize ~n as
~n = ~fa +
M∑
I=1
pI ~kI (a = 1, · · · , r , pI ∈ ZZ) . (3.18)
The wave function is expressed as
u(~θ1) = e
i~γ1~θ1/2π
r∑
a=1
d˜a
∑
~p
ei(
~fa+p1~k1+···pM~kM )·(~θ1+K
−1~γ2) ,
d˜ (~n) = d˜ (~fa) ≡ d˜a .
(3.19)
Since
∑
I pI
~kI · (~θ1 +K−1~γ2) = ~p · (K~θ1 + ~γ2), one then finds
u(~θ1) = e
i~γ1~θ1/2π
r∑
a=1
d˜a
∑
~p
ei
~fa·(~θ1+K
−1~γ2) ei~p·(K
~θ1+~γ2)
= (2π)Mei~γ1
~θ1/2π
r∑
a=1
d˜a e
i~fa·(~θ1+K
−1~γ2) δ2π[K~θ1 + ~γ2] .
(3.20)
Let us define an equivalence relation ∼ among vectors ∈ RM :
~h ∼ ~g ⇐⇒ hI = gI (mod 2π) I = 1, · · · ,M . (3.21)
It implies, for instance, that δ2π[~h ] = δ2π[~g ] if ~h ∼ ~g. A set of vectors H(K) = {~ha} ,
which are independent in the coset space RM/ ∼ in the sense that ~ha 6∼ ~hb iff a 6= b, is
defined by
H(K) = {~ha ∈ RM , (a = 1, · · · , r) ; K~ha ∼ 0 } . (3.22)
With this definition one has
δ2π[ K~φ ] =
r∑
b=1
cb δ2π[ φ− ~hb ] . (3.23)
Hence our wave function is
u(~θ1) = (2π)
Mei~γ1
~θ1/2π
r∑
a=1
d˜a
r∑
b=1
cb e
i~fa·~hb δ2π[~θ1 +K
−1~γ2 − ~hb]
= ei~γ1
~θ1/2π
r∑
b=1
gb δ2π[~θ1 +K
−1 ~γ2 − ~hb] .
(3.24)
As an independent basis of vacua one can thus choose
〈 ~θ1| 0a 〉 ≡ ua(~θ1) = ei~γ1~θ1/2π δ2π[~θ1 +K−1 ~γ2 − ~ha] ,
(a = 1, · · · , r = detK) .
(3.25)
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The fact that there are r independent vectors ~ha ∈ H(K) has been proven a posteriori.
The action of Wilson lines on the vacuum is evaluated as follows.
〈 ~θ1 |W I1 | 0a 〉 = eiθ
I
1 ua(~θ1) = e
−i(K−1~γ2)
I+ihIa ua(~θ1)
= e−i
~lI~γ2+ih
I
a ua(~θ1) ,
〈 ~θ1 |W I2 | 0a 〉 = e2π(K
−1∂/∂~θ1)
I
ua(~θ1)
= ua(~θ1 + 2π~lI) .
(3.26)
To see that W I2 induces a mapping I(a) among the vacua, we note that K (
~ha − 2π~lI) ∼ 0
so that ~ha − 2π~lI ∈ H. Hence we have
I(a) : ~ha → ~hI(a) ∼ ~ha − 2π~lI . (3.27)
Then clearly
〈 ~θ1 |W I2 | 0a 〉 = ei~lI~γ1 uI(a)(~θ1) . (3.28)
In summary,
W I1 | 0a 〉 = e−i~lI~γ2−ih
I
a | 0a 〉 ,
W I2 | 0a 〉 = e+i~lI~γ1 | 0I(a) 〉 .
(3.29)
4. Examples
We apply the results in the previous section to two examples.
Case 1. K =
(
3 2
2 3
)
This is the second example in Section 2. This K gives
K−1 =
1
5
(
3 −2
−2 3
)
, detK = 5 , κeff =
5
2
, (4.1)
where κeff has been defined in (2.8). The basis {~fa} is given by
~fa = a~1 (a = 0, · · · , 4) where ~1 =
(
1
1
)
. (4.2)
The corresponding H = {~ha} is
~ha =
2πa
5
~1 (a = 0, · · · , 4) . (4.3)
Thus the vacua are given by
ua(~θ1) = e
i~γ1~θ1/2π δ2π[ ~θ1 +K
−1~γ2 − 2πa
5
~1 ] (a = 0, · · · , 4) . (4.4)
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They satisfy
| a+ 5 〉 = | a 〉 . (4.5)
Vectors ~lI ’s are given by
~l1 =
1
5
(
3
−2
)
, ~l2 =
1
5
(−2
3
)
.
Since
~ha − 2π~lI ∼ ~ha+2 , (4.6)
one finds the mapping I(a) of (3.27) to be
| I(a) 〉 = | a+ 2 〉 . (4.7)
Hence we have
W I1 | a 〉 = e−i~lI~γ2+2πia/5 | a 〉 ,
W I2 | a 〉 = e+i~lI~γ1 | a+ 2 〉 .
(4.8)
Case 2. K =
(
3 1
1 3
)
This is the third example in Section 2. This K gives
K−1 =
1
8
(
3 −1
−1 3
)
, detK = 8 , κeff = 2 . (4.9)
A choice of a basis for {~fa} is given by
~fa = a~1− b
(
0
1
)
(a = 0 ∼ 3 , b = 0, 1) . (4.10)
The corresponding H = {~hab} is
~hab =
πa
2
~1 +
πb
4
(
1
1
)
(a = 0 ∼ 3 , b = 0, 1) . (4.11)
The vacua are thus given by
uab(~θ1) = e
i~γ1~θ1/2π δ2π[ ~θ1 +K
−1~γ2 − ~hab ]. (4.12)
We note that
| a+ 4, b 〉 = | a, b 〉 ,
| a, b± 2 〉 = | a± 1, b 〉 . (4.13)
This time we have
~l1 =
1
8
(
3
−1
)
, ~l2 =
1
8
(−1
3
)
(4.14)
Multiple Chern-Simons Fields Page 11
so that
~hab − 2π~l1 ∼ ~ha−1,b−1 ,
~hab − 2π~l2 ∼ ~ha,b+1 .
(4.15)
Hence the action of Wilson line operators is given by
W I1 | a, b 〉 = e−i~lI~γ2−i~hab | a, b 〉 ,
W
(1)
2 | a, b 〉 = e+i
~l1~γ1 | a− 1, b− 1 〉 ,
W
(2)
2 | a, b 〉 = e+i
~l2~γ1 | a, b+ 1 〉 .
(4.16)
5. Effective theory
In Section 2 we have seen that in the case of the second matter coupling L2, (2.3),
the induced statistics phase θs is given by (2.8). Since the matter field ψ couples only to
aµ =
∑
I a
I
µ, one can integrate all Chern-Simons gauge fields but the degree aµ, getting an
effective theory for aµ exactly with a Chern-Simons coefficient κeff given by (2.8).
On a torus, or more generally on a Riemann surface with a genus ≥ 1, however, there
might arise a difference between the original multiple Chern-Simons theory and the effective
theory. This is because the vacuum structures are different in general. In the next section
we shall examine the correspondence between the two theories in the cases discussed in the
previous section.
Let us recall that the effective Chern-Simons coefficient is given by
1
κeff
=
∑
I,J
K−1IJ . (5.1)
Hence, even if all KIJ ’s are integers, κeff is, in general, a rational number,
κeff =
p
q
, (5.2)
where p and q are two mutually prime integers. In this section we clarify the vacuum
structure of this theory on a torus. Previously it has been studied by Lee [17] and by
Polychronakos [18]. Our derivation of vacuum wavefunctions proceeds along the same line
as in Section 3 (We remark that our basis is slightly different from that given in [17] (cf.
[15]).
We denote operators in the effective theory with bars on the top. The two non-integrable
phases in the theory, θ¯1, θ¯2, their corresponding Wilson line operators, W
−
j = e
iθ¯j , and the
generators of large gauge transformation, U
−
j = e
iǫjkpθ¯k/q satisfy the following commutator
relations:
[θ¯1, θ¯2] =
2πiq
p
,
U
−
1 U
−
2 = e
−2πip/q U
−
2 U
−
1 ,
W
−
1W
−
2 = e
−2πiq/pW
−
2W
−
1 .
(5.3)
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Note that U
−
j do not commute for q 6= 1. But since U1− q commute with U2− q, we can diagonalize
Uj
− q
:
Uj
− q |Ψ 〉 = eiγ¯j |Ψ 〉 . (5.4)
To find u(θ¯1) = 〈 θ¯1 |Ψ 〉, we start with
〈 θ¯1 |U1− q |Ψ 〉 = e2πq(∂/∂θ¯1) u(θ¯1) = u(θ¯1 + 2πq) = eiγ¯1 u(θ¯1) . (5.5)
There are q independent solutions to Eq. (5.5):
us(θ¯1) =
∑
m
csm e
i(m+ps/q+γ¯1/2πq)θ¯1 ,
s = 0, 1, . . . , q − 1 .
(5.6)
Secondly we have
〈 θ¯1 |U2− q |Ψ 〉 = e−ipθ¯1u(θ¯1) = eiγ¯2 u(θ¯1) . (5.7)
Substitution of (5.6) into (5.7) gives the condition on cs,m: cs,m+p = e
iγ¯2 cs,m, which is
solved by
cs,m = e
imγ¯2/p As dm , dm+p = dm . (5.8)
The s-dependent constant As will be determined later.
Now we can rewrite us(θ¯1) by making use of (5.7) and writing m = lp+ r. Noting that
dm = dlp+r = dr, we have
us(θ¯1) = As
p−1∑
r=0
dr
∞∑
l=−∞
exp
{
i
(
l +
r
p
)
γ¯2 + i
(
lp+ r +
ps
q
+
γ¯1
2πq
)
θ¯1
}
= 2πAs
p−1∑
r=0
dr e
ir(θ¯1+γ¯2/p)+i(ps/q+γ¯1/2πq)θ¯1
p−1∑
a=0
δ2πp[ pθ¯1 + γ¯2 − 2πaq ] .
(5.9)
In the second line we have expressed δ2π[pθ¯1 + γ¯2] in terms of δ2πp[· · ·], taking advantage of
the mutually prime nature of p and q. Further
us(θ¯1) = 2πAs e
i(ps/q+γ¯1/2πq)θ¯1
p−1∑
r=0
p−1∑
a=0
dr e
i2πrqa/pδ2πp[ pθ¯1 + γ¯2 − 2πaq ]
= 2πAs e
i(ps/q+γ¯1/2πq)θ¯1
p−1∑
a=0
fa δ2π
[
θ¯1 +
1
p
(γ¯2 − 2πaq)
]
.
(5.10)
We choose As such that us+q(θ¯1) = us(θ¯1), which leads to the condition on As: As+q =
eiγ¯2 As. Again, this is solved by As = e
isγ¯2/q. Hence as a linearly independent basis one
can take
ua,s(θ¯1) = e
iγ¯1θ¯1/2πq eis(γ¯2+pθ¯1)/q δ2π
[
θ¯1 +
1
p
(γ¯2 − 2πaq)
]
,
(a = 0, · · · , p− 1 , s = 0, · · · , q − 1) .
(5.11)
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Let us denote the corresponding vacuum by | a, s 〉. They satisfy
| a+ p, s 〉 = | a, s 〉 ,
| a, s+ q 〉 = | a, s 〉 . (5.12)
The actions of U
−
j and W
−
j on these vacua are found to be :
U
−
1 | a, s 〉 = ei(γ¯1+2πsp)/q | a, s 〉 ,
U
−
2 | a, s 〉 = eiγ¯2/q | a, s− 1 〉 ,
W
−
1 | a, s 〉 = e−i(γ¯2−2πaq)/p |a, s 〉 ,
W
−
2 | a, s 〉 = eiγ¯1/p | a− 1, s 〉 .
(5.13)
Notice that U
−
j acts on the space of the s index, whereas W
−
j on that of the a index.
There can be two possible interpretations of (5.13). One can view that U
−
2 generates
gauge copies so that there are only p physically distinct vacuum states. This viewpoint
has been adopted by Polychronakos [18]. An alternative interpretation is possible. In
applications to condensed-matter systems, vacua here correspond to ground states. Wen and
Niu [20] have argued that additional interactions such as a tunneling effect in condensed-
matter systems generally lift the degeneracy in the s index, which forces us to regard all
p ·q states physically distinct. At the level of an idealized Chern-Simons gauge theory under
consideration, both interpretations are acceptable.
6. The correspondence between the two theories
There is a correspondence between multiple Chern-Simons theory and single Chern-
Simons theory with the corresponding effective coupling. We work out this correspondence
in two typical cases discussed in Section 4.
First
case 1 : K =
(
3 2
2 3
)
, κeff =
p
q
=
5
2
. (6.1)
Recall that
detK = 5 , p q = 10 . (6.2)
Hence in the K-theory there are 5 distinct vacua, whereas in the effective theory there are
10 vacua (including gauge copies in Polychronakos’ interpretation).
Applying the results in the previous section, one finds that in the effective theory
U
−
1 | a, s 〉 = eiγ¯1/2 | a, s 〉 ,
U
−
2 | a, s 〉 = eiγ¯2/2 | a, s− 1 〉 ,
W
−
1 | a, s 〉 = e−i(γ¯2−4πa)/5 | a, s 〉 ,
W
−
2 | a, s 〉 = eiγ¯1/5 | a− 1, s 〉 .
(6.3)
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On the other hand in the K-theory we have seen in Section 3 that
U
(1)
j U
(2)
j |a 〉 = ei(γ
1
j+γ
2
j ) |a 〉 ,
W
(1)
1 W
(2)
1 |a 〉 = e4πia/5−i(
~l1+~l2)~γ2 | a 〉
= e4πia/5−i(γ
1
2+γ
2
2)/5 | a 〉 ,
W
(1)
2 W
(2)
2 |a 〉 = e+i(γ
1
1+γ
2
1)/5 |a+ 4 〉
= e+i(γ
1
1+γ
2
1)/5 |a− 1 〉 .
(6.4)
Comparing (6.3) and (6.4), one finds an exact correspondence:
K : κeff
θ
(1)
j + θ
(2)
j : θ¯j
U
(1)
j U
(2)
j : (U
−
j)
2
W
(1)
j W
(2)
j : W
−
j
γ
(1)
j + γ
(2)
j : γ¯j
| a 〉 : | a, s 〉
(6.5)
Note that both | a, s = 0 〉 and | a, s = 1 〉 in the effective theory correspond to | a 〉 in the
multiple Chern-Simons theory.
The second case is
case 2 : K =
(
3 1
1 3
)
, κeff =
p
q
= 2 . (6.6)
We recall that
detK = 8 , p q = 2 . (6.7)
Hence in the K-theory there are 8 distinct vacua, whereas in the effective theory there are
only two vacua. Nevertheless there exists correspondence.
In the effective theory we have found that
U
−
j | c 〉 = eiγ¯j | c 〉 ,
W
−
1 | c 〉 = eiπc−iγ¯2/2 | c 〉 ,
W
−
2 | c 〉 = eiγ¯1/2 | c− 1 〉 ,
(6.8)
where | c+ 2 〉 = | c 〉. In the K-matrix theory of Section 3
U
(1)
j U
(2)
j | a, b 〉 = ei(γ
1
j+γ
2
j ) | a, b 〉 ,
W
(1)
1 W
(2)
1 | a, b 〉 = eiπa−iπb/2−i(γ
1
2+γ
2
2)/5 | a, b 〉 ,
W
(1)
2 W
(2)
2 | a, b 〉 = e+i(γ
1
1+γ
2
1)/4 | a− 1, b 〉 ,
(6.9)
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with the identities (4.13).
The correspondence is found to be
K : κeff
θ
(1)
j + θ
(2)
j : θ¯j
U
(1)
j U
(2)
j : (U
−
j)
2
W
(1)
j W
(2)
j : W
−
j
1
2 (γ
(1)
1 + γ
(2)
1 ) : γ¯1
1
2 (γ
(1)
2 + γ
(2)
2 ) + πb : γ¯2{ | c, b 〉
| c+ 2, b 〉 : | c 〉
(6.10)
Note that for each b (0 or 1) the four states | a, b 〉 (a = 0 ∼ 3) close under the operations
above. Also, | a, b 〉 and | a + 2, b 〉 in the K-theory correspond to the same state in the
effective theory. Indeed, in terms of θ
(1)
1 ± θ(2)1 ≡ θ±1 , the vacuum wave function in the
K-theory yields
uab(~θ1)→ ei(γ
(1)
1 +γ
(2)
1 )θ
+
1 /4π δ2π
[
θ+1 +
1
4
(γ
(1)
2 + γ
(2)
2 )− πa+
πb
2
]
. (6.11)
Both ua,b(~θ1) and ua+2,b(~θ1) give the same θ
+
1 wave function. The θ
−
1 parts are different,
but the effective theory is blind to them.
7. The Hilbert space
It has been shown that the Hamiltonian and two total momenta in theories defined on
a torus with a single Chern-Simons field commute among themselves only in the physical
Hilbert space [15]. In this section we examine the Hilbert space of multiple Chern-Simons
theory with two kinds of matter couplings, L1 and L2 defined in Section 2.
The argument proceeds as in ref. [15]. We first solve field equations to express Chern-
Simons fields in terms of Wilson line phases and matter fields. Then we examine commuta-
tors among the Hamiltonian and momenta.
First consider the first matter coupling L1, (2.2). Chern-Simons field equations are
1
4π
KIJ ε
µνρfJµν = j
µ
I , (7.1)
where jµI is a current of the I-th matter field ψI . Solving them in the radiation gauge, one
finds
ajI(x) =
θIj (t)
Lj
− ΦI
2L1L2
ǫjkxk + aˆ
j
I(x) ,
aˆjI(x) =
∫
dy ǫjk∇xkG(x− y)
{
2πK−1IJ ψ
†
JψJ(y) +
ΦI
L1L2
}
.
(7.2)
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Here ΦI = −
∫
dx f I12 and G(x) is the periodic Green’s function on a torus satisfying
∆G(x) = δ(x) − (1/L1L2).
The field equations (7.1) are solved by (7.2) except for
K−1IJ QJ +
ΦI
2π
≈ 0 (I = 1, · · · ,M) (7.3)
where QI =
∫
dx j0I . The conditions (7.3) have to be imposed as constraints on physical
Hilbert states. (We have adopted the notation ≈ to indicate this.) We note that QI is
conserved thanks to the gauge invariance, or the field equation for ψI , whereas ΦI is a
constant fixed by boundary conditions for aIµ.
The Hamiltonian and momenta are given by
H =
∫
dx
∑
I
1
2mI
(DIkψI)
†(DIkψI) ,
P j = −i
∫
dx
∑
I
ψ†ID
I
jψI = −i
∫
dx
∑
I
ψ†IDj
−I
ψI ,
Dj
−I
= ∇j − i
θIj
Lj
+ i
ΦI
2L1L2
ǫjkxk .
(7.4)
In DIjψI in the expression above, (7.2) is to be substituted . Note that the Hamiltonian is
not completely normal-ordered. The ordering of ψI operators must be taken as it appears.
Useful relations are
[P k, θIj ] = −2πi ǫkj
1
Lk
K−1IN QN ,
[H , θIj ] = −2πi ǫkj
1
Lk
K−1IN J
k
N ,
(7.5)
where JkI =
∫
dx jkI (x). Further
[P j , ψI ] = iDj
−I
ψ ,
(
[P j , DIkψI ]
[P j , Dk
−I
ψI ]
)
=
(
iDj
−I
DIkψI
iDj
−I
Dk
−I
ψI
)
− ǫjk ΦI
L1L2
ψI − ǫjk 2π
L1L2
K−1IJ ψIQJ .
(7.6)
With the aid of (7.5) and (7.6) it is straightforward to find
[P j , P k] = iǫjk
2π
L1L2
QI
(
K−1INQN +
ΦI
2π
)
,
[P j, H ] = iǫjk
2π
L1L2
JkI
(
K−1INQN +
ΦI
2π
)
.
(7.7)
Here we have made use of the fact that gauge invariant quantities are single-valued on a
torus. We observe that H and P j commute among themselves only in the physical Hilbert
space defined by (7.3).
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Similarly commutators between W Ij and (H,P
j) are evaluated. We note that
[W Ij , QN ] = 0 ,
[W Ij , J
k
N ] = ǫ
jk 2π
mNLk
K−1IN QNW
I
j .
(7.8)
We find that
[W Ij , P
k] = ǫjk
π
Lk
K−1IN {QN ,W Ij } ,
[W Ij , H ] = ǫ
jk π
Lk
K−1IN {JkN ,W Ij } .
(7.9)
Next we consider the second matter coupling L2, (2.3). Field equations are
1
4π
KIJ ε
µνρfJµν = j
µ . (7.10)
All Chern-Simons fields couple to the same current jµ. Inverting (7.10), one finds that the
I-th Chern-Simons field aIµ has a coupling strength κI to ψ:
1
κI
=
∑
J
K−1IJ ,
1
κeff
=
∑
I
1
κI
. (7.11)
Hence
ajI(x) =
θIj (t)
Lj
− ΦI
2L1L2
ǫjkxk + aˆ
j
I(x) ,
aˆjI(x) =
∫
dy ǫjk∇xkG(x− y)
{
2π
κI
ψ†ψ(y) +
ΦI
L1L2
}
.
(7.12)
There still are M constraints:
Q
κI
+
ΦI
2π
≈ 0 (I = 1, · · · ,M) . (7.13)
Summing over I in the above, one has
Q
κeff
+
Φtot
2π
≈ 0 , Φtot =
∑
I
ΦI . (7.14)
The Hamiltonian and momenta are given by
H =
∫
dx
1
2m
(Dkψ)
†(Dkψ) ,
P j = −i
∫
dx ψ†D
−
jψ ,
D
−
j = ∇j − i
∑
I
θIj
Lj
+ i
Φtot
2L1L2
ǫjkxk .
(7.15)
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Relations corresponding to (7.5) and (7.6) are
[P k, θIj ] = −2πi ǫkj
1
Lk
1
κI
Q ,
[H , θIj ] = −2πi ǫkj
1
Lk
1
κI
Jk ,
[P k, ψ] = iD
−
kψ ,
(
[P j , Dkψ]
[P j, D
−
kψ]
)
=
(
iD
−
jDkψ
iD
−
jD
−
kψ
)
− ǫjk Φtot
L1L2
ψ − ǫjk 2π
L1L2
1
κeff
ψQ .
(7.16)
It is easy to see now that
[P j , P k] = iǫjk
2π
L1L2
Q
(
Q
κeff
+
Φtot
2π
)
,
[P j , H ] = iǫjk
2π
L1L2
Jk
(
Q
κeff
+
Φtot
2π
)
.
(7.17)
Further
[W Ij , QN ] = 0 ,
[W Ij , J
k
N ] = ǫ
jk 2π
mNLk
K−1IN QNW
I
j ,
(7.18)
and
[W Ij , P
k] = ǫjk
π
Lk
1
κI
{Q ,W Ij } ,
[W Ij , H ] = ǫ
jk π
Lk
1
κI
{Jk,W Ij } .
(7.19)
Note that (7.17) and (7.19) are formally obtained from (7.7) and (7.9) by identifying QI = Q
and JkI = J
k.
Finally we define
W
−
j =
∏
I
W Ij . (7.20)
This corresponds to the Wilson line operator in the effective theory discussed in Section 5.
In the second matter coupling L2, commutators betweenW−j and (H,P k) are evaluated from
(7.19). For H , one has
[W
−
j , H ] = ǫ
jk π
Lk
∑
I
1
κI
W 1j · · ·W I−1j (W Ij Jk + JkW Ij )W I+1j · · ·WMj
= ǫjk
π
Lk
∑
I
1
κI
{
W
−
jJ
k − ǫjk 2π
mLk
M∑
N=I+1
1
κN
QW
−
j
+ JkW
−
j + ǫ
jk 2π
mLk
I−1∑
N=1
1
κN
QW
−
j
}
= ǫjk
π
Lk
1
κeff
{W−j , Jk} .
(7.21)
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In the second equality we have made use of (7.18). The evaluation of the commutator
[W
−
j , P
k] is simpler as W Ij and Q commute. To summarize one finds
[W
−
j , P
k] = ǫjk
π
Lk
1
κeff
{Q ,W−j} ,
[W
−
j , H ] = ǫ
jk π
Lk
1
κeff
{Jk,W−j} .
(7.22)
The algebra defined by (7.17) and (7.22) is exactly the algebra of the effective theory
which has been previously obtained in ref. [15]. We also remark that the same commutator
relations among H , P k, and W Ij hold in relativistic Dirac theories, as well.
8. Conclusion
In this paper we have unveiled some of the rich mathematical structure of Chern-Simons
gauge theory on a torus. In addition to inducing matrix statistics among particles, the
theory of multiple Chern-Simons gauge fields enriches the vacuum structure. Depending
on the Chern-Simons coefficient matrix K, sometimes the theory can be mapped to an
effective theory with just one Chern-Simons gauge field, but in general it contains greater
degeneracy in the vacua. We have worked out two typical examples, finding rather interesting
correspondence between the two theories.
Also we have examined the algebra generated by the Hamiltonian, momenta, and Wilson
line operators in the multiple Chern-Simons theory. We have found that the Hamiltonian
and momenta commute among themselves only in the physical Hilbert space.
Having clarified the vacuum structure of multiple Chern-Simons theory, one might ask
what the Schro¨dinger equation for many particle systems is and whether or not there exists
a singular gauge transformation which eliminates all interactions among particles except for
the effect of the matrix statistics. Further, the multiple Chern-Simons theory must lead to
representations of a generalized Braid group algebra. These problems are reserved for future
investigation.
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